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CONDITIONAL PROBABILITIES OF PRECIPITATION AMOUNTS

IN THE CONTERMINOUS UNITED STATES

Donald L. Jorgensen, William H. Klein, and Charles F. Roberts

ABSTRACT

Conditional probabilities of precipitation are derived from a 15-year
period of record for 108 selected stations within the 48 conterminous States,
The required condition is that precipitation occurs within given periods.

The probabilities are then computed for seven quantitative ranges in which
amounts equal or exceed specified values. The investigation includes four
6-hour and two 12-hour periods, as well as one 24-hour period, with the data
stratified by seasons. The resulting probabilities vary with station,
season, and time of day. Application of the probabilities to weather fore-
casting is discussed. Additional precipitation characteristics and suggested
applications are presented in the appendices.

INTRODUCTION

A recent report [1] presents climatological probabilities of precipita-
tion for the conterminous United States derived from a 15-year period of
record. These probabilities are based on the observed frequencies of occur-
rence of measurable precipitation at 108 stations for 6-, 12-, and 24-hour
periods for each of the twelve months. The probabilities given are
unconditional for the given time periods (month of year and time of day) in
that no other precondition is specified which governs their applicability.
However, worthwhile information to the forecaster can be derived by requiring
the existence of certain meteorological conditions which must be met before
the information applies. Thus, it becomes of considerable value to know for
a particular climatic regime the frequency distribution of expected precipi-
tation amounts on the condition that precipitation will occur. Examination
of those time periods in the historical record for which measurable precipi-
tation is recorded affords these '"conditional probabilities.'" This investi-
gation was undertaken to develop this type of conditional probability of
precipitation.

Factors affecting regional and temporal variations in the climatological
probabilities brought out in the earlier study will also be evidenced in the
conditional probabilities. The occurrence of heavier amounts of precipitation
in the wetter areas would be expected to be strongly dependent on an available
source of moisture and on the intensity of upward motion leading to the
occurrence of precipitation. On the other hand, the dryer areas with lighter
amounts would be expected to be found where either one or both of the
conditions favorable for precipitation are lacking. To the extent that
diurnal factors influence the intensity of weather systems, especially those
involving thunderstorms, the conditional probabilities would be expected to
reflect diurnal fluctuations in precipitation.



The relative importance of factors responsible for producing precipita-
tion in a given climatic region is indicated in a general way by the average
amount of precipitation occurring per rainy period, i.e., the conditional
average amounts. Charts giving '"rainy day'" amounts have been prepared by the
Office of Hydrology of the Weather Bureau and are given in Hydrometeorological
Report No. 5 [2] for each of the twelve months for the 48 States. For the
practicing forecaster, the 'rainy day" amount needs to be broken down still
further to give the conditional average amounts to be expected for shorter
time periods. These data have been derived as part of. this study for 6-,

12-, and 24-hour periods and will be discussed in a following section.

SOURCE OF DATA

The basic source of data is a compilation of 15 years of precipitation
records, September 1949 to August 1964, accumulated by the National Weather
Records Center, Asheville, N.C., for the Techniques Development Laboratory.
These data were processed on a computer at Suitland, Md., to give frequencies
of cumulative amounts and average amounts. The 108 stations used were
selected in an earlier study such that the station network would give a good
coverage of large population centers [3].

In table 1 (beginning on page 17), computations are given by seasons for
the four 6-hour periods, the two 12-hour periods making up the 24-hour period,
and for the 24-hour period itself. Both conditional (C) and unconditional (U)
frequencies of cumulative amounts are computed for the indicated quantitative
ranges. The conditional frequencies deal only with those cases for which
precipitation occurred, while the unconditional give the usual climatological
frequencies involving all cases. Conditional average amounts are given in
the last column. The total of nonprecipitation and precipitation cases are
given in the second and third columns. It should be pointed out that the
relative frequencies for the individual quantitative ranges can be obtained
by taking the difference between the appropriate relative frequency columns.

CONDITIONAL AVERAGE AMOUNTS

The average amounts given in the last column of table 1 are the averages
of the precipitation for the given time periods for those cases when
measurable precipitation occurred. These data then represent the "rainy day"
or "precipitation period" amounts for the individual stations for the 6-, 12-,
and 24-hour periods. These amounts can be considered as being made up of the
averages of the quantitative ranges weighted according to the frequency of
occurrence in their ranges. Thus, the conditional average amount for a given
time period At may be expressed as:

Kt =Y fiEi (1)

summed for all values of i, where f, is the relative frequency of occurrence
- " - E 1 i T .

in the i-th range, and p; is the conditional average amount in the same
range.



The above considerations give support to the usefulness of the
conditional average amounts in summarizing the general precipitation
characteristics of a region. Areal patterns of '"rainy day" amounts show
important characteristics of the climatic areas, and, when compared by seasons,
show significant seasonal changes. To illustrate these characteristics,
charts based on the data accumulated for this study are given in figure 1
which show the 24-hour precipitation period average amounts ('rainy day"
amounts) for the four seasons for the 48 states. Data are plotted and
analyzed, except that no analysis is made west of the continental divide
because of lack of sufficient data to define the pattern in the rugged terrain
in the western part of the country.

The plotted data and analysis of the 24-hour conditional average amounts
for the winter season are given in figure 1, Part A, Heaviest amounts occur
in the southern Mississippi Valley with New Orleans having .51 inch, the
largest of any station. Amounts diminish rapidly with distance to the west
and north, to values of less than .10 inch in the northern Plains. Bismark,
with a value of .06 inch,has the smallest value observed in any of the States.
In the western part of the country, values range upward to .45 inch along the
coast (Los Angeles)., Values are considerably less in interior regions.

In the spring, as shown in Part B, average amounts generally increase,
when compared to winter, over the eastern two-thirds of the country, with
heaviest amounts in the lower Mississippi Valley and along the Gulf Coast.
With an amount of .60 inch, Apalachicola records the highest average. Only in
the southern Appalachian area and eastern Tennessee is there a decrease in
average amounts from winter to spring, with Roanoke dropping off from .31 inch
to .29 inch, Knoxville, .41 inch to .36 inch, and Nashville, .44 inch to .42
inch, 1In the western States, amounts diminish from those observed in winter
along the coast, but show relatively minor variations elsewhere.

In summer, as given in Part C, amounts show a further increase in the
northern and central portions of the country, but a general decrease in the
lower Mississippi Valley and southern Appalachian area. Jackson, Miss.,
shows what might be considered a rather large decrease from .51 inch in
spring to .39 inch in summer. The areal minimum at Jackson is evident at
other seasons and may be due to topographic factors. On the other hand, San
Antonio shows an increase from .30 to .56 inch, giving the highest value
observed at any station (possibly due to hurricane rains). Amounts reach an
annual minimum in the western coastal States, dropping to .06 inch in portions
of southern California. Small changes are observed in interior areas except
for an increase in Arizona and New Mexico.

In autumn, as shown in Part D, there is a return to a pattern similar to
that observed in the spring. Amounts are highest along the eastern Gulf
Coast, probably augmented by hurricane rains. Amounts show a decrease in the
northern Great Plains. The beginning of the rainy season brings about an
increase along the West Coast,
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Charts similar to those in figure 1 can be prepared for 6- and 12-hour
conditional average amounts to bring out diurnal fluctuations in this
parameter,

CONDITIONAL PROBABILITIES OF PRECIPITATION

As indicated in Table 1, cumulative relative frequencies of precipitation
have been derived for seven quantitative ranges. When these frequencies are
used to indicate the liklihood of occurrence of future events, they may be
considered as an expression of the probability of occurrence of these events.
The emphasis of this investigation has been on the application of these
statistics in the latter sense, and they are considered as expressing future
probabilities given the required condition.

For the derivation of conditional probabilities, the necessary condition
is that a measurable amount of precipitation will occur. Therefore, the
conditional probabilities given under the first quantitative range (= .01)
will always be equal to 1.0. The second column under this heading gives the
probability of occurrence in this range on a climatological basis with no
prior condition specified.

The conditional probability given under the quantitative range of = .10
inch gives the probability of occurrence of .10 inch or more, with the
complement of the event being the occurrence of precipitation in the range
.01 to .09 inch. It is noted that in this quantitative range the conditional
probability is occasionally equal to or greater for a 6- or 12-hour period
than for the full 24-hour period (e.g., Bakersfield during the summer). This
apparent anomaly does not violate the recorded data and is due to the greater
frequency of occurrence in the .0l to .09 inch range for the 24-hour period.
(The requirement here is that precipitation amounts falling within a 24-hour
period must equal amounts falling within the coincident 6- and 12Z-hour periods)
The second column again gives the climatological probability for this range
of precipitation amount,

Data for the additional ranges are to be interpreted in a similar
manner, with the last range including all amounts equal to or greater than
2.00 inches,

APPLICATIONS OF CONDITIONAL PRECIPITATION PROBABILITIES

The most immediate use for the conditional probabilities contained in
table 1 is in the preparation of precipitation probability forecasts for
precipitation events of varying amounts. For example, the present Weather
Bureau program in precipitation probability forecasting defines a precipita-
tion event as the occurrence of .0l inch or more of rain (or water
equivalent if the precipitation is frozen) in a specified period. The periods
covered are usually '"today,'" '"tonight," and "tomorrow.'" The verification of
these forecasts is based on precipitation occurrence for 12-hour periods.

For many users this definition is not completely satisfactory. Farmers and
agricultural interests might prefer to define a precipitation event as the



occurrence of a wetting rain or the accumulation of a measurable depth of
snow, both of which would require liquid water depths of .10 inch or more.
Water management interests are not likely to be concerned about precipitation
until an amount sufficient to result in some runoff has occurred. This would
require depths in excess of .25 inch of water. Rainfall amounts in excess of
.50 inch would require decisive action on the part of nearly all users.
Finally, of course, there are amounts which might seriously affect a river
basin or other areas, thus requiring a major decision in the face of a flood
threat, The experience which Weather Bureau forecasters have gained with the
present probability forecast program can be used in conjunction with
conditional probabilities to serve a wide spectrum of users.

To obtain the probability of a precipitation event consisting of any
fixed amount of rain falling in a given time period, we can make use of the
definition of conditional probability. The conditional probability of an
event A given that event B will occur is

P(A/B) = P(A,B) (2)
P(B)

where P(A/B) is the conditional probability of A, the condition being that B
occurs, P(A,B) is the probability for the joint occurrence of A and B, and
P(B) is the probability of B,

Applying this definition to a rain amount in excess of r in a period t,
we write

P (r,.01)
=
P(.01)

P _(r/.01) (3)

or

I

Pt(r,.Ol) Pt(r/.Ol) x P(.01) 4)

The conditional probability of an amount greater than r, P¢(r/.01), is
given in table 1 for time periods of 6, 12, and 24 hours. The probability
of measurable rain, P(.0l), is obtained from the public probability forecast.
The product of these two gives the desired probability.

Consider, for example, the problem of determining the probability of .50
inches or more of rain in the "tonight'" period for Atlanta during the spring
months., Assume that the public probability forecast has assigned a .60
probability to the event of measurable precipitation for "tonight" (00 - 122
for Atlanta), so that P(.0l) is .60, The data in table 1 provide the
conditional probability P(.50/.01) = ,27., Substituting into equation (4):

Pt(.SO,.Ol) = PL(.SO/.OI) x P(,01) = .27 x .60 = .16

The desired probability is then .16.



A similar approach can be applied to probability determinations for other
amounts, seasons, and periods.

For many applications of quantitative precipitation forecasts (QPF), the
above procedure for using the data of table 1 can be improved upon. Consider
the case in which a significant rain event spans two periods. In many
instances the user is concerned with the total amount of precipitation that
will fall in a given length of time rather than the amount occurring between
specified times, The data in table 1 are not directly applicable to this
problem, A method for modifying the data to make them more suitable for this
purpose is presented in appendix A,

Additional use of the data can be made in interpretation of the QPF charts
prepared by NMC. These charts provide forecasts of expected quantitative
precipitation amounts for 12-hour and 24-hour periods out to 60 hours. The
data in table 1, combined with the precipitation probability forecasts
received over facsimile P(.0l), can be used to assign probability estimates
at points along the QPF isohyets according to the multiplication rule given
in (4), assuming that the two sets of facsimile guidance are internally
consistant,

Additional precipitation characteristics of a station or region can be
derived from the data given in table 1, Several ways of manipulating the
data to give further information are suggested in appendix B.
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APPENDIX A
FIXED TIME PRECIPITATION DATA VERSUS PERIODS OF FIXED LENGTH

If one takes the view that precipitation amount for a fixed time period
is a random variable with a definite probability function, all data in
table 1 for all stations, periods, and seasons can be grouped into a single
population. At the outset, such a grouping might appear unwise in view of
the known variations that characterize precipitation climatology from one
area of the country to another, or from season to season, and even from one
part of the day to another. However, it is possible that the climatology of
precipitation is adequately captured by the factor 'average amount per rain
event." 1If this is the case, this factor can be used to remove geographical
and time variations.

To check this possibility we plotted a large number of data points for
different stations, periods, and seasons on a diagram with the ordinate
representing the probability of exceeding a given amount and the abscissa
giving average precipitation per occurrence. The results shown in figure 2
indicate that the data tend to group in a manner which suggests that they may
have been derived from a population with a common distribution function. The
variations would appear to lie largely within the range of sampling error,
particularly since some of the points representing relatively dry regions
involve less than 100 rain events.

The gamma distribution function has been found by Thom [4] to represent
the distribution of weekly, monthly, and yearly amounts, This fact suggested
the use of the gamma distribution to represent our data, although there is
nothing in previous work on precipitation statistics to indicate that
geographical and other variations can be removed in the manner attempted in
this paper. However, to test this possibility we computed theoretical
probabilities from the gamma distribution function to compare with those in
figure 2, The tabular values of the gamma distribution function published
by Thom were used in our computations.

The theoretical probability values are provided by the curves in
figure 3. Two values of the gamma distribution function parameter were used:
¥=20.5and ¥=1.0. By comparing the curves in Figures 2 and 3, one can see
that a ¥ value between 0.5 and 1.0 will fit nearly all of the data. Again
we are not certain about the size of the sampling error involved here because
the distribution function for the gamma parameter is not known and therefore
standard fitting tests cannot be applied.

There is an additional reason for attempting to reduce the quantitative
precipitation data to a single population., We believe that the variations
that may exist in the characteristics of precipitation over the different
geographical areas result from variations in the weather producing systems or
air masses which dominate the areas. The fact that very few locations in
the United States are free from the effects of cyclonic storms or airmass-type
weather means that on some occasions the precipitation regime which is typical
of the Gulf Coast may be observed in the Northern Great Plains or New England,
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and, conversely, the New England weather occasionally shifts southward and
westward. The Rocky Mountains do serve as a barrier to the penetration of
air masses and weather systems into the Pacific Northwest from eastern and
southern areas and, therefore, perhaps some separation between the areas
made up of the Northern Rockies, Pacific Northwest, and California and the
remainder of the country should be made. The point here is that a grouping
of all precipitation regimes into a single population may, in fact, be a
desirable means of describing the full range of variability. This would be
especially important in obtaining extreme value statistics. Studies of this
question are warranted in view of the strong possibility that the character
of precipitation regimes and their variations could be further illuminated.

Let us now consider the situations in which it will be desirable to
determine the probability distribution for time periods determined by the
onset of precipitation rather than the standard synoptic periods. For
example, the use of quantitative precipitation data in decision-making is
such that the most significant criterion is the amount of precipitation
expected to fall in certain time periods following the onset of precipitation.

Neither the data in table 1 nor figure 2 can be used directly to
determine probabilities for precipitation events defined in this way. The
reason is obvious: the observational practice used in reporting precipitation
amounts imposes a random interruption of precipitation episodes and has the
effect of truncating the amounts which are reported for 6-, 12-, and 24-hour
periods, Miller and Frederick [5] recognized this problem in their study of
24-hour rainfall data and devised a correction scheme based on an observed
relationship between daily rainfall amounts and rainfall amounts for
arbitrary 24-hour periods for selected climatological stations. To partially
correct for truncation effects in the present data a different method can be
used.

The number of rain events observed in a 12-hour period and in the
coincident 6-hour periods is related according to the following expression:

i -
Mo w Mg 1T g0 =Ny 3 (5)

where N is the number of events in the first 6-hour period, N6 9 is the
number "’ in the second 6-hour period, N, is the number in *®  the
12-hour period, and N is the number of events occurring in both
6-hour periods, 1,2 N is the number of events where precipitation
amounts have been 142 truncated.* The expected amount of
precipitation for any given 6-hour period following the onset of precipitation
is increased over the expected amount determined by standard 6-hour synoptic

observations by a factor e¢ , where
N
< i ®
6,1 1,2

*Climatological values of Nyp, Ng 1, and Ng o are given in table 1. TFrom
these, Ny , is computed from -equation (5). ’Substitution into equation (6)
with N6,1 gives the required value of ex.
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The true expected amount X is
X =e¢ X' (7)

where X' is the expected amount determined from synoptic observations. In

the above derivation we have assumed that the truncation of a precipitation
episode places half of the total amount associated with the episode in each

of the two adjacent periods. We also assume that an equal number of episodes
are truncated by the beginning and ending of the standard 6-hour period.
Neither of these assumptions will be acceptable at stations or during seasons
when there is a strong maximum of precipitation frequency during a particular
period of the day. It should be emphasized again that the relationships given
by equations (6) and (7), while adjusting partially for the truncation effects,
do not do so completely. This incompleteness arises from the failure of the
assumptions and the data to fully describe all combinations of precipitation
events, To fully account for all truncation effects would require an
investigation of hourly precipitation data,

The true expected amount of precipitation as determined by equation (7)
can be used to enter the nomogram in figure 2 or figure 3 to obtain amount
probabilities for the required period of time.

APPENDIX B
ADDITIONAL PRECIPITATION CHARACTERISTICS

The relationship (Equation (1) page 2 ) between conditional average
amount and relative frequencies of precipitation occurrence in the various
ranges can be used to derive additional precipitation characteristics not
furnished in this report. For example, it might be of interest to the fore-
caster to know the percent conditional precipitation falling within the
individual ranges, or to know that value of the precipitation amount below
(and above) which half the precipitation occurs.

Since the frequencies given in table 1 are cumulative for the time
periods involved, the relative frequencies within the individual quantitative
ranges can be found by subtracting the appropriate relative frequencies,
Amounts occurring within the ranges vary from the lower to the higher limiting
values, An average of the amounts occurring within the range can be approxi-
mated by taking the mean of the two limiting wvalues. Thus, we have:

Range Average Amount
.01 - .09 .05
.10 - .24 .17
.25 - .49 7
.50 - .99 73
1.00 - 1.49 1525
1.50 -~ 1.99 1.75

=2,00 3.00 (est)
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Multiplying the average amount within each range by its relative frequency
and summing for all ranges (as shown in Eq. 1) will give an approximate
value corresponding to the average conditional amount. From these figures,
we are then able to determine the percentage of conditional precipitation
falling within the individual ranges. By interpolating between values, we
can obtain an estimate of the quantitive amount below (and above) which half
the precipitation occurs.

To illustrate these computations, the following example is given:
Example: For the 00 - 24Z time interval for Albany, N.Y., for the

summer Season we have:
Percent Amt. in

Rel. Freq. Avg. Amount Range
in Range (fi) in Range (pi) £.p; (fipi/ Zfipi)
fl =1.00 - .56 = .44 Ei = .05 .0220 .09
£, = .56 - .33 = .23 5§ = .17 .0391 g8
£, = 33- .15=.18 Py = .37 .0306 J12
£, = .15 - .04 =.11 T . 0825 .53
fg = .04 - .03 =.01 55 = 1,25 .0125 .05
£, = .03 - .01 =.02 36 = [.7% .0350 .14
£, = .01 - 0 =.01 55 = 3,00(z2.00) .0300 J¥2
Total .2517

It is seen from these data that, for the precipitation ranges chosen,
percentage amounts vary from 5 percent of the total for the 1,00 - 1.49 inch
range to 33 percent for the .50 - .99 range. It can also be seen that about
half the precipitation occurs below (and above) the mid value of the il
.99 range, i.e., the .75 inch value. In adding the f.p., column, we find that
our computed values give .2517 inch, compared to the * 1 observed value of
.26. The small difference is due to the rounding off of the figures and to
the fact that the observed average amounts within the ranges are not
necessarily the same as the amounts used. Similar computations can be
carried out for the 6~ and 12-hour periods.

Another characteristic which might be of interest is the manner in which
precipitation is distributed quantitatively throughout the day. It is well
known that during the summer, thunderstorms have a strong diurnal trend with
a maximum occurrence in the afternoon in some areas and during the night in
others. The data in table 1 can be used to investigate the diurnal trends in
quantitative amounts in comparison to those observed in the frequency of
occurrence,
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North Platte can be used to illustrate diurnal trends in quantitative
amounts. This station is located in the area having a strong summer night-
time maximum in thunderstorm occurrence. In examining the summer data, we
see that for the heavier amounts (z1.00) normally associated with the more
intense thunderstorms, the conditional probability is 8 percent for the
00 - 12Z (nighttime) period and 2 percent for the 12 - 00Z period. From the
data, we see that the total number of cases of 1.00 is about 26 for the
00 - 12Z period and about 3 for the 12 - 00Z period (8 percent of 320 cases
versus 2 percent of 166 cases, as read from the table). Thus, we see that
precipitation from the =1.00 inch storms in summer is about eight times more
frequent during the nighttime than during the daytime for this particular
station., Comparable data for the range >.10 amounts is 186 nighttime versus
71 daytime occurrences. Climatologically, we see that the occurrence of
measurable precipitation is about twice as frequent during the nighttime as
during the daytime. Similar computations can be made for other statioms of
interest.
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Table 1. - This table consists of the following 72 pages of tabulated data.
These data give the conditional probabilities of precipitation occurrence
in seven quantitative ranges for 108 stations combined by seasons. The
condition placed on the probabilities is that precipitation will occur
during the indicated period. Also presented are unconditional probabili-
ties for the same ranges. Probabilities are given for four 6-hour periods,
two 12-hour periods, and one 24-hour period. The second and third columns
give the number of nonprecipitation and precipitation cases obtained from
the 15-year period of record. The next seven pairs of columns give the
conditional (C) and unconditional (U) probabilities (relative frequencies
obtained from the climatological record) for seven cumulative ranges. The
last column gives the conditional average amounts.
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